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The class of optimal nonlinear finite-dimensional recursive filters found by Benes is
extended to include cases in which the drift in the state propagation equation is a
general linear function plus the gradient of a scalar potential.

It is shown that if the state space is one dimensional, then the deterministic sys-
tems underlying the Benes filter fall into five classes, depending on the asymptotic
behaviour of the state at large times. Only two of these classes can be obtained us-
ing the Kalman filter. It is shown that an arbitrary deterministic trajectory can be
approximated at small times to an accuracy of O(t%) by a trajectory for which the
Benes filter is appropriate.

The Benes construction is the starting point for the development of new finite-
dimensional recursive approximations to the optimal filter. One of the new filters is
applied to a simple tracking problem taken from computer vision, and its performance
compared with that of the extended Kalman filter.
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1100 S. Maybank

1. Introduction

The Kalman—Bucy filter and its many variations are widely used in computer vision
for estimating the state of time varying systems (Ayache 1991; Broida & Chellappa
1991; Faugeras 1993). A typical filter contains models of the system dynamics and
of the measurement process. It takes as input a sequence of measurements obtained
over an extended time. The filter produces from this sequence an estimate of the
probability density function for the system state conditional on the measurements.
If the filter is optimal, then the estimated density is the exact conditional density. In
the case of the Kalman—Bucy filter the estimated density is Gaussian, and the filter
outputs the mean and the covariance of the Gaussian. The Kalman—Bucy filter is op-
timal, but only for the small class of systems satisfying the following constraints: (i)
the system evolution and the measurement process are linear, and both are subject
to white Gaussian noise; (ii) the prior density for the system state is Gaussian and
independent of the noise processes. There are many generalizations of the Kalman
filter to nonlinear systems, the best known of which is the extended Kalman filter
(EKF). These generalizations are usually suboptimal in that they do not generate
the true probability density function for the system state conditional on the mea-
surements. An applications oriented introduction to filtering in general and to the
Kalman-Bucy filter in particular can be found in Maybeck (1979a, b, 1982).

In the nonlinear case the conditional density for the system state is usually very
difficult to determine. The underlying reason is that the density depends on an in-
finite number of parameters or statistics. However, there do exist nonlinear systems
which are finite dimensional in that the conditional density for the system state
depends on only a finite number of sufficient statistics. Finite-dimensional systems
are discussed by Brockett (1980) and Brockett & Clark (1980). The first nonlinear
examples were found by Benes (1981). In the Benes filters the evolution of the suffi-
cient statistics over time is governed by a finite set of first order, ordinary differential
equations which can be solved recursively. In this context ‘recursive’ means that the
conditional density p; at time ¢ > s > 0 can be computed from the single density p;
and the measurements obtained in the interval (s,¢]. It is not necessary to use the
measurements obtained in [0, s].

Benes’s original result applies only to systems in which the drift velocity is the
gradient of a scalar potential. In this paper the result is extended to include systems
in which the drift velocity is an arbitrary linear function plus the gradient of a
scalar potential; a similar extension is obtained by Yau (1994). The trajectories of
the unperturbed systems to which the Benes filter is applicable are described for a
state space of dimension one. In the case of the Kalman—Bucy filter only two types
of unperturbed trajectory are possible: linear or exponential as a function of time.
In the case of Benes§ systems there are five possible types of unperturbed trajectory:
after suitable rescalings of space and time, an unperturbed trajectory t — G(t),0 < t
with G(0) = 0, (dG/dt)(0) > 0 satisfies one of (i) lim;_,o, G(t) = a; (i) G(t) ~ v/2t;
(iii) G(t) ~ t; (iv) G(t) ~ t% (v) G(t) ~ exp(t/2). These trajectories are referred to
as Benes trajectories. It is shown that at small times an initial segment of a general
unperturbed trajectory can be approximated to an accuracy of O(t°) by a Benes
trajectory, in contrast with the O(#3) accuracy obtainable with the Kalman—Bucy
filter.

The Benes filter is derived from a path integral representation of the conditional
density p;. The representation is the basis of a new class of finite-dimensional sub-
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Finite-dimensional filters 1101

optimal filters which can be applied to a wide range of nonlinear systems, including
those for which the drift velocity is a poynomial function of the system state. A
comparison of one of the new filters with the EKF suggests that the new filters
give an improved performance when the evolution of the system state has a strong
nonlinearity.

The general framework for filtering, as part of the theory of stochastic processes, is
given in §2. The Benes filter is derived in §3. The five types of Benes§ trajectory are
obtained in §4. A numerical example is given in which the EKF is close to optimal
on a Benes trajectory. An example of the application of the new type of filter to a
problem in computer vision is described in §5. Some concluding remarks are made
in §6.

2. Filtering

The main task in filtering is to obtain an accurate estimate of the probability
density function p; for a system state at time ¢ > 0, conditional on a series of mea-
surements obtained in the time interval [0,¢]. There are many different frameworks
for filtering. In the one employed here the system evolution and the measurement
processes are modelled by Itd stochastic differential equations (SDEs). More detailed
information about SDEs and their applications to filtering is given by @ksendal
(1992), Pardoux (1991) and Rogers & Williams (1987).

The SDE:s for filtering are stated in §2 a. The Cameron-Martin-Girsanov transfor-
mation of an SDE is described in §2b and used in §2 ¢ to obtain a representation of
P+ as a path integral.

(a) Formulation

The system state is modelled by a stochastic process X in R"™ evolving over time
according to the SDE,

dX, = f(t, X,)dt + o(t, X,)dB,  (0< 1), (2.1)

where the drift f : [0,00) x R® — R"™ and the diffusion o : [0,00) x R* — R™*"
are measurable, and B is a standard Brownian motion in R™ independent of Xj.
The random variable Xy has a known law which summarizes the knowledge of the
system state available at time ¢t = 0, before any measurement. In many cases X is
deterministic, Xy = x a.s. The measurement process Y in R™ is described by the

SDE
where g : [0,00) x R* — R™ is measurable and W is a standard Brownian motion
in R™, independent of B and X,. The equations (2.1), (2.2) are a simplified special
case of the more general equations given by Pardoux (1991).

Conditions are imposed on (2.1), (2.2) sufficient to ensure that weak solutions
exist. It is assumed that f, g, o are locally bounded, measurable functions. The
diffusion o is assumed to satisfy the conditions

s T n
olnf {lloo (s, z)l|} >0 (z € R")
lim sup {[loo™ (s,y) — oo™ (s,2)[} =0 (z eR")
YT ogLs<t
SUPt{IIUUT(s,w)II} <e(l+]zl®).  (zeR"). (23)

Phil. Trans. R. Soc. Lond. A (1996)
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1102 S. Maybank
The functions f, g are assumed to satisfy
sup (lek(s,2)l} <l +al?) (@R, (24)

where p=n, k= f or p=m, k = g. In (2.3) and (2.4) the variable ¢; is independent
of z. It is shown by Stroock & Varadhan (1979) that if (2.3) and (2.4) hold with k =
f, g, then the martingale problem in R™*™ for the drift (¢, z,y)T — (f(t, ), g(t,z))T
and the diffusion (¢,z,y)T — (o(t,z),I)T is well-posed. It follows that (2.1) and
(2.2) have a unique weak solution (@Jksendal 1992; Rogers & Williams 1987).

In practice, measurements are obtained at discrete times. The model (2.2) for the
measurement process is an approximation which is accurate if the measurements are
obtained frequently. In the discrete time case the measurement Z is the value of a
function g of the system state, subject to a random perturbation ‘dW;/d¢’,

dw,
Zt = g(t,Xt) + —a‘t—t
The measurement process Y in (2.2) is an integrated version of Z,

Yt=/t Zids  (0<b). (2.5)

The use of Y simplifies the analysis, because the combined process (X,Y)T is an 1t6
diffusion in R™*™. The relation between Y and Z is discussed by Maybeck (1982).

(b) Cameron—-Martin—Girsanov transformation
A solution to the It6 SDE,

dXt = b(t, Xt) dt + O'(t,Xt) dBt (0 < t,XO = a) (26)

consists of a triple (X, P, B), where X, B are stochastic processes with a common
sample space 2 and P is a probability measure defined on (2. The process B is
required to be a Brownian motion with respect to P; X is given by the integral
version of (2.6),

t t
Xi—a= / b(s, Xs)ds + / o(s,Xs)dBs (0 <t).
0 0

The sample space {2 carries a filtration, that is a collection F of sigma-algebras
Fi, 0 < t, of subsets of 2 such that F;, C Fy, if t1 < t3. The processes X, B are
required to be adapted to F, in that the functions w — X (¢,w), w — B(t,w), w € {2,
are measurable with respect to F;, 0 < t. In effect, the sigma-algebra F; is large
enough to contain all the information about X, B available at time t.

If B is given and if X is expressible as a functional of B, i.e. X is adapted to
the augmented natural filtration of B, then (X, P, B) is said to be a strong solution
of (2.6). If X, B are a given pair of processes such that B is a Brownian motion
under the measure P and (2.6) holds, then (X, P, B) is said to be a weak solution
of (2.6). Every strong solution of (2.6) is necessarily a weak solution, but there
exist SDEs that have weak solutions but no strong solutions. In these cases the
construction of X from B is impossible; extra randomness is required, in addition to
that provided by B (Karatzas & Shreve 1988; Rogers & Williams 1987). The weak
solutions are appropriate for filtering, firstly because the criteria for the existence of
a weak solution are more likely to be satisfied; and secondly because the conditional

Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1103

density is the same for the weak solutions and for the strong solutions, when the
latter exist.

The Cameron—-Martin—-Girsanov (CMG) transformation is described. Let c: [0, 00) X
R" — R" be a locally bounded, Borel function and let B be the stochastic process
in R™ defined by

dB, = c(t,X,)dt +dB,  (0<t, By =0). (2.7)
It follows from (2.6) and (2.7) that
dX, = (b(t, X)) — c(t, X)) dt + o(t, X;)dB,  (0<t, Xy = a). (2.8)

Let M be defined by
1t t
M; = exp (—5/ lle(t, X¢)||? ds — / c(s, Xs) - st) (0 <t). (2.9)
0 0

The Girsanov theorem states firstly that there is a measure P defined on £2 such that
B is a Brownian motion with respect to P, and secondly that the Radon-Nikodym
derivative of P with respect to P exists, and is given by

dp

Fi
The conclusion is that (X, P, B) is a weak solution of (2.8).

To summarize, the CMG transformation of a given SDE (2.6) yields, firstly a new
SDE (2.8) with a different drift term, and secondly, the relation between a solution
of the first SDE and a weak solution of the second SDE. The solution to the second
SDE is necessarily weak because B is specified by (2.7).

(¢) The conditional density

The CMG transformation is used to obtain a path integral representation of p;,
conditional on the measurements Y, for 0 < s < ¢t and on the law of X,. The repre-
sentation is unnormalized, in that it is correct only up to a scale factor independent
of z. In other words, the condition [ p(¢,z)dz =1 is not enforced. During the cal-
culations terms which contribute only a scale factor to p; may be omitted without
comment.

The state process X and the measurement Y are combined to give a process
(X,Y)T in R**™ with a sample space {2 equal to the product of the sample spaces
of X and Y. The CMG transformation is then applied to the SDE describing (X,Y)T.
Let P be the probability measure on {2 associated with the Brownian motion (B,W)T.
Let ); be the o-algebra generated by the random variables Y, for 0 < s < t and let
Z be a random variable in L'(£2, F;, P) such that ZM; ! is in L*(2,F;, P). It can
be shown that
E(ZM{ Y

EMTY)

where E is expectation with respect to P and Eis expectation with respect to P.
Equation (2.11) is known as the Kallianpur—Striebel formula. A proof of it is given
by Pardoux (1991). It is observed by Marcus (1984) that (2.11) is a version of Bayes’s
rule.

Let (t,z) — p(t,z) be the probability density function for the system state X;

E(ZIY)) = (2.11)

Phil. Trans. R. Soc. Lond. A (1996)
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1104 S. Maybank

conditional on the measurements obtained in the time interval [0,t]. It follows from
the definition of p; that

E(X(x.eaz}|V2) = p(t,z) dz, (2.12)

where x is the indicator function. The term E(M;!|)}) is independent of z, thus it
follows from (2.11) and (2.12) that up to a scale factor

p(t, ) de = E(x(x,ed0) M; "1 D1). (2.13)

It remains to select a CMG transformation such that the right-hand side of (2.13)
reduces to a convenient form. This is done in the following two theorems.

Theorem 2.1. Let X, Y satisfy the filter equations (2.1), (2.2). Let (X,Y)T be
the stochastic process in R™*™ with components X, Y. Let h : [0,00) x R® — R
and ¢ : [0,00)R™ — R™™ be locally bounded, Borel functions such that

) = (2] = (70 - ). (2.14)

It is assumed that h, ¢ satisfy (2.4). Let P be a new probability measure on {2 defined
by
dpP

dP

1 t t
= exp <—— / lle(s, Xs)||*ds — / c(s, X) - (st,dWs)> (0 <1).
7 2 Jo 0
Then the unnormalized conditional density p; is represented by

(t :c)da:—E‘( ex <l/t||c(sg)||2ds+/tc(s £)- (dB dW)))
P, - X{Etedx} P 2 0 ySs o ySs EX) s )

(2.15)
where £ satisfies the SDE

dée = h(t, &) dt +o(t,&)dB;,  (0<t,& = Xp).

Proof. The result follows from the CMG transformation and the observation that
E(X{ﬁse dz}Mt_l ' yt) = E(X{§t€ da?}Mt_l)'
|

The switch of notation in theorem 2.1, from X before the CMG transformation to
¢ after the transformation, is made in order to clarify the exposition. The function A
does not at this stage play any special role. It can be chosen at will, subject to the
condition (2.4). In the applications of theorem 2.1 made below h is a linear function
of z, and ¢ is constant; £ is then an Ornstein-Uhlenbeck process in R™ (OU,, process).

In the next theorem the representation (2.15) of p; is rewritten. The proof follows
Benes (1981), except for the way in which the auxiliary function A is used.

Theorem 2.2. Let X, Y satisfy the filter equations

dX; = f(t, X,) dt + o(t, X,) dB, (

0<1)
dY; = g(t, X,) dt + dWw, (0

t )
). } (2.16)

where R™ is the state space of X and R™ is the state space of Y. Let r : [0, 00) x R* —

NN

Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1105

R™ be defined by

r(t,z) = (00") 7 (f(t,2) = h(t, z))
and let r also be the gradient of a scalar potential &, r; = 0®/0x; for 1 <i < n. Let
V :]0,00) x R® — R be defined by
"L Or; 0P
_ pT, T\=lg 3T/ _T\-1 ori 1y oL 2
Vit,a) = fTo0™) 7 = 100" Th D) S (00 )y + 25 + lglP (27)

=1 "7

Let B, ¢ be defined as in the statement of theorem 2.1. Then the unnormalized
density p; is represented by

p(t, ) dz = exp(P(t, z))
xE (X{gteda:} exp (—@(o,go) - % /Ot V(s &)ds + /Otg(s,£s) : dy;)) :
(2.18)

Proof. Let ¢ : [0,00) x R®™ — R""™ be defined as in theorem 2.1, and let e(t, ;)
be the exponent on the right-hand side of (2.15),

1t t
(t6) =5 [ e &P ds+ [ e(s,6) (@BudW).  (219)
0 0
The exponent e(t, ;) is reduced to a convenient form. It follows from (2.16) that

() = (" e ™),

thus

t t t
/c(s,ﬁs)-(st,dWs)z/ cl(s,fs)ost—l—/ ca(8,&s) - AW
0 0 0
t t
- / r(s,6,) - A€, — / r(s, ) f (s, €,) ds
0 0
t t
5. &) - dY, — 5 E)|1Pds. (2.20
+/Og<as> /Ollg(bé)ll s (2.20)

It follows from (2.17), (2.19) and (2.20) that
1 ¢ o ~ 87“2» T
e = [ Vo) 2550060~ 32 o] 0
t t
+/ T(S,fs) : dgb +/ g(S,fs) : dY; (221)
0 0
An application of the It6é formula to &(¢,¢;) yields
0P "~ 0P 1~ 0%0
d(2(t, &) = 5, (8, &) dt + ; 6—%(@&)(1&@) + 5”:1 M(t,&) dg;(t) dg;(t)
_ 09 1~ O T
= E(t,ﬁt) dt +r(t, &) - dé + 5”21 5;3;(@&)(00 )iz dt,

Phil. Trans. R. Soc. Lond. A (1996)
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1106 S. Maybank
thus

/0 r(s,&s) - d&s = D(t,&) — 2(0,&)

(S,ﬁs Z/ 6” s,és (aa )ijds.  (2.22)

1]1

It follows from (2.21) and (2.22) that
t

c(t.6) = = [ V.6 ds+ 00,60 = #(0.60) + [ a(s.6)-av,

as required. |

The path integral representation (2.18) of p; is similar to those obtained by Ben-
soussan (1992). If & is known, & = a, then the term &(0, &) on the right-hand side
of (2.18) is constant, independent of x. It can then be omitted.

3. Finite-dimensional filters

A finite-dimensional filter is one in which the conditional density for the system
state depends on only a finite number of statistics, and in addition the evolution of
the statistics over time is governed by a set of ordinary differential equations. The
best known example is the Kalman—Bucy filter. The finite-dimensional filters are
important because they are computationally tractable. In §3b it is shown that the
representation (2.18) of the unnormalized conditional density leads to class of finite-
dimensional optimal filters, the Benes filters. The results extend those of Benes (1981)
to cases in which the drift velocity of the system state differs by a linear function
from the gradient of a scalar potential. The construction of the Benes filter depends
in part on the properties of bridge processes, as summarized in § 3 a. Some examples
of Benes filters are described in §3c.

The characterization of those systems for which the optimal conditional density
has only a finite number of sufficient statistics appears to be difficult. Brockett (1980)
and Brockett & Clark (1980) suggest a theoretical framework for this problem based
on Lie algebras and the Duncan-Mortensen—Zakai equation (Zakai 1969). Among the
successes of this theory are rigorous proofs that certain simple SDEs define filters
which are truly infinite dimensional (Marcus 1984; Pardoux 1991). Chiou & Yau
(1994) use Lie algebra methods to show that if the state space is of dimension two,
then the optimal filter is finite dimensional only if the drift f differs by a general
linear function from the gradient of a scalar potential.

(a) Bridge processes

The path integral representation (2.18) of p; contains the indicator function x. This
function can be removed by using the bridge process associated with £, provided the
bridge process exists. Let X be a stochastic process in R™, let X — F(X,,0 < u < t)
be a general, measurable, bounded functional of X, and let Z = Xo. A process nZ=°,
0 <t,in R™ is a bridge process for X if

E(F(X,,0< s <t)| Xo=2,Xo=b) = B(F(nZ7*,0< s <t)  (0<t). (3.1)
It follows from (3.1) that nZ;® = b. If Xy = a a.s., then na“’b

Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1107

The bridge process is easily constructed if X is Gaussian. Let A be defined by
A(s,t) = —Cov(X,, X4 )Cov(Xy, X¢) (0<s<tt#0). (3.2)
The random variable X, has the following orthogonal decomposition with respect to
Xt)
X = (X + A(s, ) Xy) — A(s, ) Xy (0<s<t,0#¢)"

in that X, is independent of X+ A(s,t)X;. The bridge process nZ~? for X is defined
by

nZ7t = (Xs+ A(s, ) X;) — A(s, t)b (0< s < t,0#£1). (3.3)
The expectation and the covariance functions of nZ—" are readily calculated from

(3.3) and the expectation and covariance functions of X. It is noted for future refer-

ence that for a Gaussian process X, E(nZ;?) is linear in b, and Cov(nZ 7%, nZ73b) is

independent of b.
The bridge process is also defined if X is a Bessel process or the square of a Bessel
process (Revuz & Yor 1991).

(b) Benes filters

The Benes filters are obtained by constraining the filter equations such that the
representation (2.18) of p; takes a particularly simple form. It is assumed that the
auxiliary process £ has a bridge process.

Theorem 3.1. With the notation of theorem 2.2, let p¢(t,xz) be the probability
density function for &, let & = Z ~ N(a, X)) and let nZ~° be the bridge process for
€ from Z to b in time t > 0. If the process L(t,nZ %) defined by

— 1 ‘ — ¢ —z
L(t,n? )=—¢(0,£o)—§/0 V(s,nZ; )der/0 g9(s,nZ7*) dY, (3.4)

is Gaussian with expectation u(t, x) and variance S(t, z), then the conditional density
p¢ for the system state is given by

p(t, z) = exp(D(t, x)) pe(t, z) exp(p(t, z) + 35(t, z)). (3.5)

Proof. Tt follows from (2.18) and the definitions of nZ—%, L(¢,n?~%), that

p(t, z) dz = exp(D(t, z))pe(t, z) E(exp(L(t,n7 %)) da,
thus
p(t, ) = exp(D(t, z))pe(t, z)(2mS (¢, )~/

X /OO exp(r — 1S(t, )" (r — u(t, 2))?) dr

— 00

= exp(®(t, 2))pe(t, z) exp(u(t, z) + 3S(t, ).
n

Conditions sufficient to ensure that L(¢,nZ™%), as defined by (3.4), is Gaussian
are given in the next theorem.

Theorem 3.2. With the notation of theorems 2.2 and 3.1, it is assumed that h,

Phil. Trans. R. Soc. Lond. A (1996)
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1108 S. Maybank

g, V are linear in x, with

h(t,z)= —M(t)x (0 <t),
g(t, z)= I (t)z (0<1), (3.6)
V(t,z)=v1(t) - T + vo(t) (0 <t).
Let H, A, u, ¢, D be defined by
H(t) = / "M (s) ds 0<t) (3.7)

A(s,8) = — Cov(En &) Cov(En &) (0<s<1,0%1)
u(t, z) = % /O or(8)T A(s, )z ds — T /0 AT Y, (0<b)
olt) = exp(~H(H)a 0<1)
D(t) = exp(~H(®) [ e exp(H WD duexp(-HET)  0<0). 6

It is assumed that a scalar potential @ : [0,00) x R™ — R exists such that

)
Ba:i

Then the unnormalized conditional density for the system state is

p(t,x) = exp(&(t, z)) exp(—3(z — c(t))" D(t) 7 (z — c(t))) exp(u(t,2)).  (3.9)

(t,z) = fi(t,z) — hi(t, x) (1

N

i< n).

Proof. The process & is an OU,, process,
d¢, = —M(t)&,dt +dB, (0 < t,& = a). (3.10)
The solution of (3.10) is

& = ex(~(0) (60 | 'exp(H(s)) aB.)  (0<)

from which it follows that E (&) = c(t), Cov(&;, &) = D(t), 0 < t. Next, it is shown
that

E(exp(L(t,n;7))) = exp(u(t, z)) (3.11)
up to a scale factor independent of . The term vy (¢) in (3.6) is set equal to zero
without loss of generality, because it contributes only a scale factor to p;. The hy-
potheses of the theorem ensure that L(¢,7¢™%) is a linear functional of n¢—2. It
follows from the observations made in § 3 a that E(L(t,n# ")) is linear in z and that
the covariance function of n¢™* is independent of x. Equation (3.11) and hence (3.9)
follow on calculating E(L(t,n¢™%)). [ |

(¢) Special cases

The original definition of the Benes filter (Benes 1981) excludes the Kalman-Bucy
filters in which the drift is not a symmetric function of z. The more general methods
developed in §3b allow the extension of the class of Benes filters to include all the

Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1109
Kalman—Bucy filters. In detail, let the filter equations be
dY; = I (t) X, dt + dW, (0<t), ’

where F : [0,00) — R™*™, IT : [0,00) — R™*™. Let h: [0,00) x R® — R" be linear in
z, h(t,xz) = —M(t)z. It follows from (2.17), (3.12) and the linearity of h as a function
of x that

V(t,z) =2 (F&)TF@t) — M@O)"M @) + I ()T (t)z + 2%—;15 (0<t), (3.13)

P(t,z) = LaT(F(t) + M(t))z (0<t). (3.14)

It remains to choose the matrix valued function ¢ — M(t), 0 < t, such that the right-
hand side of (3.13) is zero, and such that F'(t) + M (¢) is symmetric for all 0 < ¢. It is
more convenient to first choose the symmetric matrix Q(t) = F(t) + M(t) and then
to obtain M (t) from the equation M (t) = Q(t) — F(t). On substituting Q(¢t) — F(t)
for M (t) in (3.13) it follows that

d
V(tz)=z" (—Q(z&)2 +QWF®)+ F)TQ(t) + IT(H)TII(t) + d—?) z.
It suffices to choose t — Q(t) such that @ satisfies the matrix Riccati equation (Choi
& Laub 1990; Kenney & Leipnik 1985)

d
L~ Q2 - QM) - F(0)TQM) - 1w (0<0).

The next proposition gives an example of constraints on f, g sufficient to ensure
that the hypotheses of theorem 3.2 are satisfied for a nonlinear drift f.

Proposition 3.1. With the notation of theorems 2.2-3.2, let o be the identity
matrix, and let g(t,z) = IIx where II is a constant m x n matrix. Let V(t,x) =
vix + vy where vy, v are constant. If the drift velocity f is independent of t and

if h(z) = —Mx where M is a constant n X n matrix, then f satisfies the Riccati
equation
||f||2+2% = Q(z), (3.15)
i=1

where @ is a quadratic form with constant coefficients, Q(z) = zTqx + 1@ + qo,
such that gy + II'TII is a positive matrix.

Proof. Equation (2.17) and the hypotheses of the proposition yield
vz +vg = V(z)

"\ (Of; Ohi
= [IfII* - l||? LA 2, 1
I1F e+ (52 - 5it) + el (3.16)
The result follows on observing that (3.16) reduces to
IFIP+> O e+ vo + 2T (MM — O™ 1)z — tr(M). (3.17)
im1 81‘1'
|
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1110 S. Maybank

With the notation and the assumptions of proposition 3.1, let f —h be the gradient
of a scalar potential @,

- o9
filz) + > Myz; = o, (1<is<n). (3.18)
=1 ‘

On using (3.18) to eliminate f from (3.17) it follows that
IVo|? - 22T MY (V) + V2P = —2T 1T T2 4 v + vp.

If (3.18) holds, then f itself is the gradient of a scalar potential only if M is symmetric.
In the one-dimensional case M is just a scalar, M = 3. A potential ¢ can always be
defined by

?(z) = / f(u)du + 1 8z? (3.19)
and (3.15) reduces to a Riccati equation (Bellman 1969),
d
A+ é = s’ + qr+q (g2 = —117). (3.20)

4. Benes trajectories in one dimension

The advantage of the Benes filter over the Kalman-Bucy filter is that it can be
applied to a wider range of dynamical systems. As indicated in § 1, a Bene$ trajectory
in one dimension is defined to be a trajectory ¢ — z(¢) in R obtained by solving the
ODE dz/dt = f(z), where f satisfies the Riccati equation (3.20). In this section it
is shown that there are five possible types of behaviour for the Benes trajectories at
large times. It is also shown that at small times an arbitrary smooth trajectory can
be approximated to O(t°) by a Benes trajectory.

It is assumed throughout this section that in the filter equations (2.16), o(t,z) = 1,
g(t,z) = = and that f satisfies the Riccati equation (3.20). It is also assumed that
z(0) = 0 and that f is normalized such that f(0) > 0. If f(0) < 0, then the
normalization is effected by applying the transformation = — —z.

Some general properties of Benes trajectories are obtained in §4 a. In particular it
is shown that the normalized Benes trajectories are strictly monotonic increasing with
time. The trajectories are obtained explicitly in §4 b for the case in which ¢; = ¢z =0
on the right-hand side of (3.20). The trajectories for ¢; # 0 and g, # 0 are discussed
in §4c. It is shown in §4d that an arbitrary trajectory can be approximated to an
accuracy of O(t°%) by a Benes trajectory. Finally, in §4 e, a numerical example is given
in which the EKF is applied to a Bene§ system and the resulting density compared
with the optimal probability density function for the system state.

(a) General results
The Benes trajectories are obtained by solving the ODE dz/dt = f(z). A single

integration yields
/ flu) tdu=t (4.1)

from which x can in principle be obtained as a function of ¢. To avoid overuse of the
symbol ‘z’, G(t) is used for the system state x(t),

dG/dt = F(G()). (4.2)
Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1111

A differential equation for G is obtained. It follows from (4.2) that

d&°G  df, .dG
a2 = ar D
dG\? dG
-(-(%) +e@)%, (4.3

where Q(G) = o + ¢1G + ¢2G?, in the notation of (3.20). A rearrangement of (4.3)

yields

G (dG\® dG

a (‘5) =@ 9 (44)
In the Kalman-Bucy filter, f(x) = ao + a1z, where ag, a; are constants. The

integral in (4.1) is evaluated to yield

G(t) = ayao(exp(art) — 1) (G(0) =0, a1 # 0), }

G(t) = aot (G(0) = 0,a;, = 0). (4.5)

There are only two possible behaviours of G at large times: either G increases linearly
with time or GG increases exponentially with time.

Bellman (1969) shows that any solution to the Riccati equation (3.20) is of the
form

d¢
_ 4199
where ¢ is a solution of the linear ODE
d?¢
a? Q(z)¢ = 0. (4.7)

It follows from (4.6) and (4.7) that f is real analytic in any region not including the
zeros of ¢ or the poles of d¢/dz. If g # 0, then ¢ is a parabolic cylinder function.
If go =0, g1 # 0, then ¢ is an Airy function. If g = ¢; = 0 and ¢¢ # 0, then ¢ is an
exponential function, possibly with a complex exponent. If @ = 0, then ¢ is linear.
Further information about the various solutions to (4.7) is given by Abramovitz &
Stegun (1965).

Proposition 4.1. Let f have a zero in [0,00), and let a > 0 be the least such
zero. Let f be bounded on (0,a]. Then G is strictly monotonically increasing with t,
G(t) < a for allt > 0 and lim;_,, G(t) = a.

Proof. Let € > 0 be a small positive number. Then f is bounded away from zero
on [0, a — €] thus there exists a time ¢y < oo such that G(ty) = a —¢, and G is strictly
monotonically increasing for 0 < t < .

Suppose, if possible, that f’(a) = 0. Then it follows from (4.6) and (4.7) that
¢'(a) = ¢"(a) = 0, thus ¢ is identically zero. The case f’(a) = 0 is thus excluded
because f is not properly defined. In addition, f’(a) > —oo, because f satisfies the
Riccati equation (3.20) at a. It follows that 0 > f’(a) > —oco. After rescaling f it
can be and is assumed that f’(a) = —1. It follows that

fz) = f(a) + (z = a) f'(a) + O((z — a)?)
— —(z—a)+O((z - a)?).
Phil. Trans. R. Soc. Lond. A (1996)
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1112 S. Maybank

Let a; < 1 < ay be positive numbers such that
aj(a—2) < f(z) < az(a—x) (a —e<z<a). (4.8)
Equations (4.1) and (4.8) yield

x x
al_l/ (a—u)“lduét—t())az/ (a—u)"tdu
a a—e€

—€

from which it follows that
eexp(—ap(t —t)) < a—x < eexp(—ay(t — to)).

It follows that lim,; ., G(t) = a and that G does not reach a in a finite time. Finally,
G is strictly monotonically increasing for all ¢ because f is strictly positive on [0, a).
|

Proposition 4.2. Let f be bounded on each finite interval [0, N] for N > 0. Each
trajectory t — G(t), t > 0 is a monotonic function of t. If f has no zero in [0,00),
then lim,;_, o G(t) = co.

Proof. The result is proved in proposition 4.1 for the case in which f has a zero
in [0,00). If f has no zero in [0,00), then it is strictly bounded away from zero on
any finite interval [0, N]. Thus the trajectory G reaches N in a finite time tq and G
is strictly monotonically increasing for 0 < ¢ < ¢y. The result follows. |

Propositions 4.1 and 4.2 are special cases of more general results for the Riccati
equation (Bellman 1969).
(b) A special case
The case Q(z) = go can be resolved completely by elementary integration. After
the appropriate rescalings of space and time, it is sufficient to consider the three
cases qo = 0, %1.
Proposition 4.3. If Q(z) = 1, then lim; ot 'G(t) = 1. If Q(z) = —1, then
lim; o, G(t) is finite.
Proof. If g = 0,¢1 = 0 and go = 1, then (4.4) reduces to
@G (4G _dG
dt? dat ) dt’

If d>G/dt? = 0, then (4.9) has the solution G(t) = t. Otherwise, define the function
t — u(t) by u = dG/dt. Then (4.9) yields

du 3
—d—t——u—u

(4.9)

from which it follows that
Aexp(t)

V1 + AZexp(2t)’

where 0 < A <1 is a disposable constant. On integrating (4.10) it follows that

n Aexp(t) + /1 + A? exp(2t)
G(t) =1 ( AT iTD ) :

u(t) = (4.10)

(4.11)

The result lim;_,., t71G(t) = 1 follows.

Phil. Trans. R. Soc. Lond. A (1996)
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Finite-dimensional filters 1113

If ¢ =0,¢1 = 0 and gop = —1, then a similar calculation yields
G(t) = arcsin(A) — arcsin(A exp(—t)), (4.12)
where A > 0 is a disposable constant. The trajectory (4.12) is bounded such that
lim; o G(t) = arcsin(A). [ ]

Proposition 4.4. Let Q(z) = 0. Then f(z) = (z + a)~! for some constant a. If
a >0, then lim; o, t~1/2G(t) = /2.

Proof. The function f(z) = (z +a)~! is obtained by solving (3.15) with Q = 0. If
a > 0, then dz/dt = f(z) has a solution in the interval ¢ > 0. The solution satisfies
z?/2 + az = t from which it follows that

G(t) = —a+ Va? + 2t.
|

(¢) Large times
If f(z) > 0 for z > 0, then a Benes trajectory ¢ — G(t) such that G(0) = 0 attains
large values at large times, lim;_,o, G(t) = co. In this subsection the rate of growth
of a Benes trajectory at large times is investigated. The case g, = ¢; = 0 has already
been described in §4b. It remains to consider the case ¢ = 0,q; # 0 and the case

g2 # 0.
If go =0, g1 # 0, then
fer+ L= et

After rescaling space and time, and then applying a translation in space, it suffices
to examine the case ¢; = 1, go = 0. Then f is a ratio, f = ¢~*d¢/dz where ¢ is a
solution of

d?¢

2~ =0. (4.13)
The solutions of (4.13) are known as Airy functions (Abramovitz & Stegun 1965).
There are two linearly independent Airy functions Ai, Bi with contrasting behaviours
at large x > 0.

Ai(z) ~ %Tr‘l/za:‘l/“ exp(—§x3/2)(1 + O(z=3/?)), } (4.14)

Bi(z) ~ w12z /4 exp(22%/2)(1 + O(z~%/2)).
In any linear combination r; Ai+ry Bi with 7o # 0 the function Bi predominates
over Ai for x > 0 and large. It is thus sufficient to consider two cases, f(z) =
Ai(z)"'d Ai /dz and f(x) = Bi(x)"*d Bi /dz. The first case is ruled out by the con-
dition f(0) > 0 because Ai(z) > 0, dAi/dz < 0 for z > 0. In the second case

Bi(z) > 0, dBi /dz > 0 for z > 0. The hypothesis f(z) > 0 for x > 0 is satisfied and
the growth of f is given at large x by

f(z) = Bi(z)

from which it follows that G(t) ~ t2.
If g5 # 0, then after rescaling z, ¢t and applying a constant translation to the x
coordinate it suffices to consider the two cases:

d*
dz?

Phil. Trans. R. Soc. Lond. A (1996)
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q2
Fry (32® —a)p =0. (4.16)
The solutions ¢ to (4.15) or (4.16) are known as parabolic cylinder functions (Abramo-
vitz & Stegun 1965). The solutions to (4.16) are oscillatory if a < 0. If a > 0, then
the solutions to (4.16) are oscillatory for || > 2y/a. Thus (4.16) does not yield veloc-
ities f that are non-zero in [0, 00). The equation (4.15) has two linearly independent
solutions U, V with contrasting behaviours for large = > 0,

Ula,z) = exp(—ixQ)x‘“‘l/Q(l + 0(z7?)), }
V(a,z) = /(2/7) exp(ixQ):c“_l/Q(l + O(z72))

If a < 0, then U, V are oscillatory for |z| < 24/|]a|. Thus it suffices to examine the
case a > 0. In the range x > 0 the function V dominates any linear combination
riU + ryV at large x provided ry # 0. The case f(x) = U(z) *dU/dz is ruled out
because f(x) ~ —x/2 < 0 if z is large. There remains only the case

(4.17)

F@) = Via,0) S ~ da+ 0@

from which it follows that G(t) ~ exp(t/2).
The possible behaviours of the Benes§ trajectories at large times are summarized.

Theorem 4.1. Let t — G(t) be a Benes trajectory such that G(0) =0,

dG
dt
Then after the appropriate rescalings of space and time the trajectory exhibits one
of the following behaviours as t — oo:
(i) limy_ oo G(t) = a;
(i) G(t) ~ V2t
(iil) G(t) ~¢t;
(iv) G(t) ~ t2
(v) G(t) ~ exp(t/2).
In all cases G is strictly monotonic increasing for t > 0.

—(0) > 0.

Examples of the five types of trajectory are shown in figure 1, drawn with the aid
of Mathematica (Wolfram 1991). The trajectories are chosen such that (dG/dt)(0) =
1/2. At time ¢ = 5 the trajectories in figure 1 are in order (i) to (v) as shown.

(d) Small times
Let H be a general trajectory such that
H(t) = byt + hot® + hat® + hyt* + O(t°)  (h1 > 0). (4.18)

At small times H can be approximated to an accuracy of O(¢3) by a trajectory for
which f is linear. It suffices to choose ag, a; in (4.5) such that

ap = hy,
a; = 2h1_1h2

Let f = ¢~'d¢/dx where ¢ is as in (4.6). The inverse drift velocity f~! has an
expansion as a power series in x away from the zeros of d¢/dx and the poles of ¢. It

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 1. The five types of trajectory.

follows that G also has an expansion as a power series in t. Let this expansion be
(oo}
Gt) = gat"  (g1>0).
i=1

On substituting the power series for G into (4.4) it follows that
292 + 693t + 12g4t> + (g1 + 292t + 3gst?)°
= @g3t” + q(git + 39192t%) + qo(g1 + 292t + 3gst®) + O(t%).  (4.19)
The equation (4.19) holds for ¢ > 0 if and only if

do = 97 + 297 ' 92,
1 = 691 °gs + 492 — 497 °93, (4.20)
g2 = 1297 °g3 — 2497 " gags + 1297 ° g4 + 697 ' gs.
It follows that the g; for 1 < ¢ < 4 can be assigned arbitrary values, subject only to
the conditions ¢g; > 0 and ¢, > —II%. The g; for i > 5 are uniquely determined by a
set of equations of the form
n(n — 1)gnt" % = cn(gs, 1 <i <n—1)t"2 (n>5),

where ¢, is a complicated polynomial in the g; for 1 < ¢ < n — 1. Thus the coeffi-
cients g;, 1 <4 < 4 once chosen, determine G uniquely. These observations have the
following consequence.

Proposition 4.5. Let the coefficients h = (hi, hy, hs, h4)T of H, where H is as
defined in (4.18), satisfy q2(h) > —II?. Then there exists a Benes filter for which the
deterministic trajectory G approximates H to an accuracy of O(t%).

Proof. Tt suffices to set g; = h; for 1 < i < 4. The remaining coefficients g; of G
are then determined uniquely by the condition that G is a solution to (4.4). |

(e) Comparison with the EKF

The Benes systems can be used to test the performance of filters used in practice
for nonlinear estimation. The advantage of the Benes$ system in such a test is that the

Phil. Trans. R. Soc. Lond. A (1996)
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filter output can be compared directly with the optimal probability density function
for the system state. The filter equations are assumed to be
dX; = f(X,)dt +dB, (0 <t,Xo = a), }

(4.21)
dY; = AX, dt + dW, (0<t).

The extended Kalman filter (EKF) is a good example of a widely used filter. The
implementation of the EKF for continuous time measurements is adapted from the
book by Maybeck (19795, §9.5, eqns (9-77a) and (9-77b)). In the EKF the optimal
density for the system state conditional on the measurements is approximated at
time ¢ by a Gaussian density ~ N (Z(t), 0e(t)). Let F be the function defined by

df
F(z) = —.
(@) =52
Then the time evolution of Z., ¥, is given by the ODEs
dZe = f(@e(t)) dt + ke(dY; — Ao (t) dt) (0<t),
4.22
doe (4.22)
dt
where k; is the gain, k; = A0(t).
The EKF is compared with the Benes§ filter for the nonlinear system with drift
f(z) = Bi(z)~'d Bi /dz, where Bi is the Airy function with an asymptotic expansion
as given in (4.14). The initial state is deterministic, X, = 0 a.s. The drift f is singular

= 2F (6 ()06 (t) + 1 — N0, (2)? (0<t),

at x = —1.17367.. ., because Bi has a zero at this point. It is the right-most zero of
Bi. The function h in theorem 2.2 is defined by h(z) = —Az. It follows from (3.17)
that
d dh
vz +vo = f(x)? — h(z)* + d—zjvi T Mg?
=2+ A\

thus v; = 1 and vg = .
The functions A, u, ¢, D, in the notation of theorem 3.2, are evaluated using (3.8),

sinh(\s)
= ——7t <s <K
A(s,t) Snh(\) (0<s<t,0#1),

=z (%/t A(s,t)ds + /\/tYs%(s,t) ds + m) (0<t), (4.23)
0 0
c(t) =0,
D(t) = Al exp(—At)sinh(At)  (0< ). (4.24)

In the implementation the form (4.23) of u is used to avoid numerical difficulties
arising from the estimation of small increments AY in the measurement process.
The potential & is

&(z) = / fw)du+ Ia?  (uo < z),
0
where ug is the right-most zero of Bi.
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Figure 3. Comparison of variances.

The expression (3.9) for p; reduces to
p(t,x) = exp(®(x) — 3 D(t) "' (z — c(t))* + u(t, z))

The Benes filter and the EKF are run in the time interval [0,4.008], with A = 2.0.
The continuous time system was approximated by a discrete time system with a
time step of ¢t/500 where ¢ = 4.008. The optimal expected value &, and the optimal
variance 9, were obtained at each time step by numerical integration of the optimal
density. The EKF generated estimates &, 9. of Z,, U, according to (4.22). The graphs
of £, £ are compared in figure 2. The estimated expected value Z. tends to be very
slightly higher that the true expected value Z,. It is not known if the discrepancy is
significant.

The graphs of 9, and 9, are compared in figure 3. The graph of 9. is the more
irregular of the two, but otherwise the two graphs are similar. To a first approxima-
tion, the covariance increases linearly until it reaches a value of approximately 0.6.
It then levels off, with only small variations over time.

The graphs are plotted using 100 samples at times drawn from [0,4.008]. It is
apparent that the EKF is a good approximation to the optimal filter for this nonlin-
ear system. The optimal density and the density generated by the EKF are shown
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Figure 4. Comparison of the optimal density and the EKF density.

Table 1. Comparison of expected values and variances for the densities in figure 4

expected value variance

Benes 3.48 0.585
EKF 3.65 0.589

together in figure 4 at ¢ = 4.008. The expected values and the variances are given in
table 1.

5. An application to computer vision

The derivation in § 3 of the Benes filters is the starting point of a method for con-
structing finite-dimensional, recursive approximations to the optimal filter in more
general, nonlinear cases. The new method has two advantages over previous ones, for
example those described by Maybeck (1979q, b, 1982). Firstly, a wide variety of func-
tions can appear as approximations to p;; the method is not restricted to Gaussian
approximations. Secondly, the new method is more accurate because it uses a direct
approximation to the path integral representation of p;. It is thus easier to control the
errors arising in the approximation. A full description is given by Maybank (1996).

In this section a numerical example is given in which the new method is applied to
a simple nonlinear estimation problem taken from computer vision. The results are
compared with those obtained using the extended Kalman filter (EKF). The problem
is stated in §5a, and the approximating filter described in §5b. In §5c the results
obtained using the new filter are compared with the results obtained using the EKF.
Background material on the use of filtering in computer vision is given by Faugeras
(1993).

(a) Tracking
The problem concerns an object with a time varying position ¢ — p(t), 0 < ¢,

approaching a camera as shown in figure 5. Initially the object is far from the camera,
the image 6 of the object is near to the centre of the field of view, and the image
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Figure 5. Projection to a one-dimensional image.

motion is small. As the object approaches the camera its image moves away from the
centre of the field of view and the image motion becomes larger. The task is to track
the image for a fixed time ¢ and then to compute the probability density function
summarizing the available information concerning the true value of the point 6(t).
In order to simplify the calculations it is assumed that the motion takes place in a
fixed plane which projects down to a line in the camera image.

The image is obtained by polar projection. Let coordinates z;, 2 be chosen in
space with origin at the optical centre o of the camera. The camera is oriented in
space such that the plane in which the object moves projects down to the line z, = 1.
A point (x;,72)T in space with zo # 0 projects to z1/z> in the image. It is assumed
that in the absence of noise the object has a constant velocity (0, —v)T. Let the image
of p(t) be O(t) = p1(t)/p2(t). On rescaling as necessary,

(t) = 0(0)(1 — vt)™*
in the noise free case. It follows that
do
T
Let b be defined by b = vf(0)~'. The projection of the object into the image is
modelled as a random variable @ evolving over time according to the SDE,

de, =b6%dt +dB,  (0<t). (5.1)

v0(0)(1 — vt) =2 = vh(0)16(¢)>.

The model (5.1) captures the qualitative properties of the image motion discussed
above, i.e. initial random wandering close to the origin, followed by rapid motion
rightwards, away from the origin. The model is, however, unsuitable for deducing
detailed information about the motion of the object in space. In these experiments
it is assumed that b is known. The drift velocity f is defined by

f(6) = vo>. (5.2)

The random variable @ is assumed to have a Gaussian distribution @y ~ N (a, ).
The measurement Y; of O(t) evolves according to the SDE,

dY; = A6, dt + dW; (0<t), (5.3)
where A > 0 is a constant. If A is large, then the measurements are accurate.
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(b) Application of the new filter
It follows from (5.2) that

f(0)? + ig b20* + 2b6. (5.4)

Let h(x) = —36. The function V, as defined by (2.17), reduces in this example to
V(0) = b20* + 2b0 — 5207 + B + N?0°%.
It is convenient to set 3 = X\ and to omit the constant terms from V, giving
V(6) = b?0* + 200.
The potential @ is obtained from (3.19),
P(0) = 1060° + 1X6% (5.5)
The functions 4, ¢, D, in the notation of theorem 3.2, are evaluated using (3.8),

sinh(As) exp(As)
Als,t) = —exp(A(t — 5)) (sinh(z\t) exp(A) )

c(t) = exp(—At)a (0<),
D(t) = A~ ! exp(—\t) sinh(At) (0<0). (5.6)

The initial state & is deterministic, & = a a.s. The random variable L(t,n?~?) of
(3.4) reduces in this example to

0<s<,0#1),

t
Lt i) = -2 / Vner?)ds + A / P Ay,
0

- —5/ [bz(n;?e) + 2b17‘;:9] ds + \0Y; — / Y, dnaqe‘
0

Let m(s) be the expected value of n%;"? and let C(s1,s2) be the covariance of
n2=?, n%?. The function y defined in theorem 3.2 is given in this example by

u(t,0) = E(L(t,n™"))
= _% /0 B2 E((n27%)*) + 2bE(nty %)) ds + A0Y; — A /0 Y, d(E(n23))

= _% /t[bz(ﬁc(s, s)m(s)? +m(s)*) + 2bm(s)] ds + A0Y; — A /Ot Y, dm(s).

0
The approximation j; to p; is suggested by (3.9),

p(t,z) = exp(P(z) — 3 D(t) ' (z — c(t)* + p(t, ). (5.7)

The function g, differs from p, because the variance of L(t,n?™?%) is discarded.

The term u(t,x) in the exponent on the right-hand side of (5.7) contains a term
proportional to 84, with a negative coefficient. This term ensures that p; tends rapidly
to zero as |6| becomes large.

(¢) Comparison with the EKF

Let 0,(t), 0o(t) be the expected value and the variance of the Gaussian approxi-
mation to the optimal density produced by the EKF at time t. Then fs, Do satisfy
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Figure 6. Comparison of estimated densities for A = 20.0.

Table 2. Comparison of expected values and standard deviations for A = 20.0

expected value variance

new filter 2.256 0.102
EKF 2.038 0.122
the ODEs
df. = b (t)2 dt + Aoy (dY; — M, (t) dt) (0 < t,0(0) = a),
£ (5.8)
% = b0 (£) e (t) + 1 — N2, (1) 0<t).

The equations (5.8) are obtained from (4.22) on setting f(f) = b62. The initial values
09 = a, U9 = o are as for the prior @y defined in §5 a.

The equations (5.6), (5.8) are integrated numerically using Mathematica. A typical
set of results is displayed in figure 6. The leftmost peak is the estimated density
of O, at time t = 0.8032 obtained using the EKF and the rightmost peak is the
estimated density of 6, at t = 0.8032 obtained using the new filter. In the computer
implementation the continuous time system was approximated by a discrete time
system with a time step 0.8032/500. The values of the parameters in the two filters
are

6y =0.01 a.s., b=4.0, A = 20.00. (5.9)
The expected values and variances of the densities shown in figure 6 are listed in
table 2.

The true value of the system state is 2.765. This is well within the range predicted
by the new filter but at the edge of the range predicted by the EKF.

The general behaviour of the random trajectory © is as follows. Initially it remains
in the region of § = 0, moving in a random fashion driven by the noise term in the
SDE (5.1). In this part of the motion the new filter and the EKF have a similar
performance. Eventually the noise process in (5.1) moves @ away from the origin
and into a region # > 0 where the nonlinear term b62 dt in (5.1) becomes significant.
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Then O begins to move rapidly rightward. In the example the filter is stopped shortly
after © begins the rapid rightward motion.

6. Conclusion

A class of nonlinear systems is described for which there exists an efficient optimal
filter for computing the probability density function of the system state conditional
on the measurements. Such systems were first described by Benes (1981). The class
of Benes systems is extended to include certain nonlinear systems in which the drift
velocity is a linear function plus the gradient of a scalar potential.

The Benes filter is closely related to the Kalman-Bucy filter. Marcus (1984) shows
in §5b that the state space can be reparametrized such that the Bene$ filter is
reduced to the Kalman-Bucy filter. The advantage of the development of the Benes
filter given in this paper over such a reduction is that the different terms appearing in
the expression for the conditional density are directly related to physical quantities.
This facilitates the implementation of the filter and also suggests ways in which the
filter can be adapted to systems outside the class for which it generates the exact
unnormalized conditional density.

The Benes filter is the basis of a new class of suboptimal, finite-dimensional filters
which are applicable to a wide range of nonlinear systems. One of the new filters is ap-
plied to a typical tracking problem drawn from computer vision and its performance
compared with that of the EKF. The new filter appears to perform better when the
evolution of the system state becomes strongly nonlinear. The full development of
this new approach to nonlinear filtering is given by Maybank (1996).

Thanks are due to Roger Brockett for information about finite-dimensional filters. Part of this
work was carried out during the Computer Vision Programme at the Isaac Newton Institute,
Cambridge, UK (July-December 1993). The author thanks the Institute for its hospitality. The
work was funded by the Royal Society through an Industrial Fellowship held at the Department
of Engineering Science, University of Oxford, UK, for the period 1993-1995. During this time
the author was an employee of the Hirst Division, GEC-Marconi Materials Technology Ltd,
Elstree Way, Borehamwood, Hertfordshire, WD6 1RX. The author is grateful to the referees for
their comments.
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